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Abstract 



We apply the techniques of the "universal string theory" to the "manifold" paradigm 
for superstring/M-theory and come up with a candidate manifold: the manifold of F- 
theory vacua, defined in conformal field theoretical terms. It contains the five known 
superstring theories as particular vacua; although the natural vacua are (10 + 2)- 
dimensional. As a byproduct, a natural explanation emerges for the compactness of 
the extra two coordinates in F-theory. 



1 Introduction 



CD . 

After the dust of the first superstring revolution settled [9] we were left with 
five distinct yet perturbatively consistent superstring theories in ten dimen- 
sions. Some of these theories were soon shown to be related after compactifi- 
cation; for example, the two heterotic theories [13] and the two type E theories 
were shown to be pairwise T-dual [3] after compactifying on a circle down to 
nine dimensions. These duality transformations preserve the order of the string 
coupling constant; they can thus be proven using the techniques of perturba- 
tive string theory. The second superstring revolution (see [16] for a progress 
report) was ushered in by compelling evidence that some of these theories are 
related by duality transformations which invert the string coupling constant. 
For example, type IB is believed to be self-dual [7], whereas the type I the- 
ory and the heterotic theory with group SO (32) are believed to be dual [19]. 
Indeed, from these two "ur-dualities" one can derive the other known duali- 
ties. One of the biggest surprises yet that the second superstring revolution 
had in store is the evidence of an eleven-dimensional theory (M-theory) whose 
compactification down to ten dimensions describe the strongly coupled type 
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EA and E% x -^8 heterotic theories, and whose effective low-energy physics is 
described by eleven-dimensional supergravity [19]. A dense web of dualities 
can then be derived by compactification of the string theories or of M-theory 
on diverse manifolds thus providing independent checks of the fundamental 
assumptions. 

The emerging picture is much like that of a manifold for which we are only 
given a set of patches of local coordinates and for which we are told how 
to change variables on the overlaps. The analogy is strong: the perturbative 
theories are the analogues of local coordinates, which are only valid in the do- 
main of validity of the perturbation expansions, and duality transformations 
are the analogues of the transition functions at the overlaps. Yet it is also 
possible that this analogy fails at some level: for instance, there is no known 
perturbative description for M-theory (indeed there are arguments that the 
theory is inherently nonperturbative) and moreover it is not clear that there 
is a nonempty overlap between the perturbative domains — for instance, it is 
difficult to imagine a region where the type EB theory has simultaneous conver- 
gent perturbative expansions in Ajb and 1/Ajb- Nevertheless I believe we may 
learn something by taking the manifold analogy seriously and in this paper 
we shall propose a concrete model for this manifold: the space M of F-theory 
vacua, to be defined below in perturbative (i.e., CFT) terms. The manifold M 
has the known superstring theories as particular vacua, but allows for much 
more. In the process we will give what we believe to be a natural explanation 
for the compact nature of the extra two coordinates appearing in F-theory 
[18]. As such this proposal is rather conservative in that "strings" still play a 
privileged role — the manifold is locally (i.e., perturbatively) described by two- 
dimensional conformal field theories. Notwithstanding the calls for j9-brane 
democracy [17] brought about by the key role played by other extended ob- 
jects in our understanding of duality, the fact remains that in the perturbative 
farm strings are more equal. 

Another attractive aspect of the manifold idea is that it allows for continuous 
deformations of these theories. One such deformation could correspond to 
changing the expectation value of the ten-dimensional dilaton. In the case 
of say the type EB theory there are expectation values of the dilaton (near 
zero) where type EB perturbation theory is invalid. Duality would tell us that 
in this regime the dual theory should have a valid perturbative description, 
but the dual theory is again type EB. Thus there seem to be gaps which 
the present proposal might fill, since it allows in principle for the existence 
of other perturbative "superstring" theories. In the case of the type EA or 
the E s x E 8 heterotic strings, increasing the vacuum expectation value of the 
dilaton should give us an eleven-dimensional vacuum (one of whose dimensions 
is compact of size proportional to the logarithm of the vacuum expectation 
value of the dilaton). We have so far been unable to find such vacua in this 
manifold; but its existence is not ruled out: only that its explicit description 
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has so far eluded us. Finding such a vacuum seems to be the litmus test of the 
present proposal or, indeed, of any other such proposal. 

The plan of this paper is as follows. In the next section we use the ideas 
of "universal string theory" in order to bring the five ten-dimensional super- 
string theories together into the same manifold of vacua. That this is possible 
is implicit in some of the earlier work in this topic, although it never really 
appeared in print. The new ingredient is the self-duality of the type IB super- 
string, which will make us modify the manifold of vacua to take into account 
the new enlarged gauge symmetry present in the type IB D-string. This is de- 
scribed in Section 3, where we will also discover a natural explanation for the 
compactness of the extra two dimensions of F-theory. In Section 4 we briefly 
compare this proposal with recent work along similar lines and conclude with 
some speculative comments about the role of conformal field theory in non- 
perturbative string theory. 



2 Universal string theory 

We start by reviewing some of the philosophy behind the "universal string 
theory" and how this helps to put the five ten-dimensional superstring theo- 
ries under the same footing; that is, as points of the same manifold of vacua. 
Already the two type II superstrings and (after a quotient which identifies 
left- and right-movers) the type I superstring can be understood as different 
points in the same manifold of vacua: namely, the manifold of N=(l, 1) super- 
conformal field theories with central charges (cl, cr) = (15, 15). Let us call this 
manifold M . On the other hand, the two heterotic string theories are points 
in the manifold of N=(l, 0) superconformal field theories with central charges 
(15,26). The original observation of "universal string theory" [2,5,11] is that 
any bosonic string theory can be understood as an N=l superstring theory. 
(Other embeddings are possible and we shall comment on some of them in due 
course.) In fact, this works purely at the level of meromorphic conformal field 
theory and hence separately on the left and on the right. This means that we 
can also think of the heterotic strings as particular vacua in Mo- 

Let us briefly go through the details. We use the standard conventions of 
operator product expansions and normal-ordered products. Let T(z) be the 
holomorphic component of an energy momentum tensor with central charge 
26. Introduce a fermionic BC system (b, c) of conformal weights (|, — |) and 
define 

G = b + cT + cdcb + § d 2 c 

T = T- fbdc- ±<9bc + \d 2 (cdc) . (1) 
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Then G and T obey an N=l superconformal algebra with central charge 15. 
This means that we can compute both the BRST cohomology of the bosonic 
string defined by T and that of the superstring defined by (G, T). As is well- 
known they are isomorphic; more precisely, the BRST cohomology of the su- 
perstring (G, T) at a fixed picture is isomorphic with the BRST cohomology 
of the bosonic string T. Moreover the GSO projector is the identity on the 
cohomology, so the physical spectra agree. As an example, we can take T to 
be the following: 

T = -l^dX^dX" - \b l3 dY l dYi , (2) 

where X**, /j, — 0, . . . ,9 coordinatise the embedding of the worldsheet in ten- 
dimensional Minkowski space, and Y l , i = 1, . . . ,16 coordinatise a sixteen- 
dimensional torus R 16 /A with A one of the two even self-dual euclidean lattices 
of rank sixteen. This corresponds to the left-moving, say, energy-momentum 
tensor of the heterotic string corresponding to A. Therefore the (1,1) super- 
conformal field theory obtained by gluing the right-moving sector of the ten- 
dimensional superstring with the above left-moving superconformal field the- 
ory with generators (T, G) given by (1) and (2) has the same physics as the 
corresponding heterotic string. 

We therefore have all superstring theories as different points in the same man- 
ifold; however we will now argue that this cannot be the end of the story. The 
missing ingredient is provided by the self-duality of the type IB string, which 
will force us to rethink the gauge principle on the worldsheet. This is the same 
argument used by Vafa to introduce F-theory [18]. 



3 Incorporating the self-duality of the type EB superstring 

The massless spectrum of the type EB string contains a two-form in the R-R 
sector, which couples to a string — the D-string. Under S-duality [7] , this two- 
form gets interchanged with the two-form in the NS-NS sector, and hence the 
fundamental string (the F-string) and the D-string are switched. This implies 
that the strongly coupled physics of the type EB string possesses a perturbative 
description where the D-string is now the fundamental object. All evidence 
points to the fact that this string is again of type EB. However, a prima 
facie, the F-string and the D-string look different. From its interpretation as 
a D-brane, open strings can end on the worldsheet of the D-string and the 
massless vector in the open string spectrum induce a U(l) gauge field there. 
Hence the gauge principles of the F- and D-strings differ. Of course, from what 
we have learned about the "universal string theory" this is no longer a cause 
for concern. Indeed it is possible to extend the gauge principle of the type EB 
string to include a gauged U(l) current without changing the spectrum. This 



4 



was done in [18] as the main motivation behind F-theory. Here we will review 
it in the light of the "universal string theory," and as a corollary it will follow 
that the extra two coordinates in F-theory are compact - an otherwise ad hoc 
assumption. 



3. 1 Enlarging the gauge principle 

Let us first consider a bosonic string background. This is a theory of two- 
dimensional gravity coupled to some matter. The graviton couples to the 
energy-momentum tensor T. If we now add a U(l) gauge field, it will couple to 
a vector J. We therefore would like to investigate under which conditions the 
algebra generated by T and J can be used consistently to define a (generalised) 
string theory. We consider one chiral sector. The operator product algebra sat- 
isfied by T and J has two independent parameters: the central charge and the 
constant a in the double pole [J, J] 2 . The algebra is given by 

[T, T] 4 = \ct [T, T] 2 = 2T [T, T]i = dT 

[T,J] 2 = J [T,J]! = c>J 

[J,J] 2 = al (3) 

Of course, there are only two discrete choices for the parameter a: it is either 
zero or it can be rescaled to any convenient nonzero value. To define the BRST 
current we introduce fermionic ghost pairs (b, c) and (b, c) of weights (2, — 1) 
and (1, 0) respectively. The BRST current is then given by 

j = cT + cJ + bcdc — cbdc , (4) 

and it is routine to verify that the BRST operator d = [j, — ]i squares to zero 
provided that a=0 and c=28. 

A particular realisation of this algebra is provided by a bosonic string propa- 
gating in a 28-dimensional pseudo-euclidean space with signature (26, 2). The 
signature can be understood from unitarity or, alternatively, in the heterotic 
context at least, from modular invariance. Choose a null vector v and define 

J = -\dX-dX and S=vdX. (5) 

Then T and J obey (3). It was argued in [14] that the BRST cohomology of 
this system agrees with that of an underlying bosonic string propagating in 
a 26-dimensional Minkowski subspace perpendicular to v and not containing 
v, provided that we identify states whose momenta differ by a multiple of v. 
More generally, let T, with central charge 26, describe the background of a 
bosonic string theory. Add two extra free bosons dX ± with operator product 
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expansion [dX + ,dX ] 2 = 1. Then define 

T = T + dX + dX- and J = dX~ . (6) 

This forms a realisation of the algebra (3) whose BRST cohomology can be 
shown to be isomorphic to that of the bosonic string with background T 
provided one identifies all states regardless of their momentum in the X~ 
direction. 

This identification of states is reminiscent of the notion of "pictures" familiar 
from the BRST quantisation of the NSR string. There, the bosonic ghosts 
corresponding to the supercurrent have a (countably) infinite number of in- 
equivalent vacua which can be understood as the momenta in one of two aux- 
iliary compactified dimensions introduced by the bosonisation procedure. The 
picture changing operator interpolates between these different vacua, com- 
muting with the BRST operator and thus introducing an infinite degeneracy 
in the cohomology. In fact, as we now explain, these two phenomena are not 
unrelated. 

In the formalism of the "universal string theory," the way one goes about 
enlarging the gauge symmetry of a bosonic string theory with background T 
is to add a BC system of equal conformal properties but opposite statistics 
to the ghosts for the new generators we hope to introduce. This guarantees 
that, taking ghosts into account, the total central charge remains zero. In 
the case of interest, this means introducing a bosonic BC system (/3, 7) with 
weights (1, 0). Then in the chiral algebra generated by T, (3 and 7 we should 
find a realisation of the algebra (3). This is most easily achieved by bosonising 
(/3, 7) [8]. The conformal field theory of a bosonic BC system can be embedded 
in that of two free bosons compactified on a torus with lorentzian signature 
(1, 1). Call these bosons dX ± . Then a realisation of the algebra (3) is given 
by a deformation of (6): 

T = T + 3X + dX- + \d 2 X- and J = 8X~ . (7) 

The choice of deformation for T is such that T = T — (3d^f, where the second 
term is the energy-momentum tensor for the bosonic BC system. In terms of 
X ± 1 the bosonic BC fields are given by 

P = -\e~ x+ {dX + + dX~) and 7 = e x+ . (8) 

Using the same techniques as in [14] one can show that the BRST cohomology 
of this generalised string theory at a fixed value of p + agrees with the coho- 
mology of the underlying bosonic string. The operator which shifts p + is the 
"spectral flow" of the null current exp(gX~); but this operator also changes 
the pictures of the BC system. 

Let us close this discussion by remarking that picture-changing has a spacetime 
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interpretation in this context. Suppose that T is the energy- momentum tensor 
of a critical bosonic string propagating in 26-dimensional Minkowski space- 
time. Then T corresponds to the string propagating on a (26 + 2)-dimensional 
pseudo-euclidean space. The BRST operator is invariant under the subgroup 
of the (26 + 2) pseudo-euclidean group of motions which preserves the null 
vector v. This is nothing but the (25 + 1) conformal group, which does not 
act linearly in Minkowski spacetime but does on the larger space. Symme- 
tries of the BRST operator induce symmetries in the cohomology, hence we 
would expect that the spectrum should assemble itself into representations 
on the conformal group. We know that the physical spectrum of the bosonic 
string only possesses (25 + 1) Poincare covariance, so what happens to the 
special conformal transformations? They are such that they necessarily shift 
p + , whence they change the picture. By definition a picture-changing operator 
is a BRST invariant operator which changes the picture, whence the special 
conformal transformations are picture-changing operators. 



A remarkable fact of this treatment is that the appearance of the lorentzian 
torus is very natural. In other words, by enhancing the gauge principle on 
the worldsheet to incorporate the extra U(l) gauge invariance we are forced 
to reinterpret bosonic string vacua corresponding to propagation on a given 
manifold M, as propagation in a manifold which at least locally is of the form 
M x T 2 where T 2 is the lorentzian torus corresponding to the bosons X ± . 
This theory is precisely the F-theory introduced in [18], except that there the 
compactness of the extra two coordinates was an ad hoc assumption. 



3.2 The manifold of F-theory vacua 



The considerations in the previous subsection can be supersymmetrised. In 
this way we will be able to think of all superstring theories (and indeed any 
point in the manifold M of vacua described above) as belonging to a larger 
space M: the manifold of F-theory vacua to be defined presently. 



We defined Mo to be the space of N — (1, 1) super conformal field theories with 
central charges (15, 15). We will now apply the methods of "universal string 
theory" to once again enlarge the gauge symmetry. The symmetry algebra we 
are after is the supersymmetrisation of (3), with generators T, G, J and F, of 
weights 2, |, 1 and \ satisfying the following operator products in addition to 
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those in (3) with c=18 and a=0: 



[G,G] 3 = 121 [G,G] 1 = 2T 

[T,G] 2 = |G [r,G]! = 29G 

[G,J] 2 = F [G,J]i = 9F 

[G, F]i = J 

[T,F] 2 = |F [T,F] 1 = 9F. (9) 

We have chosen the above values of c and a in order to be able to gauge this 
algebra; that is, for it to admit a BRST operator. We can interpret such a 
conformal field theory as a superstring propagating on a (10+2)-dimensional 
spacetime. Indeed a realisation of this algebra is given by: 

T = -\dX ■ dX - ■ dip S = v- dX 

G = ip ■ dX ' F = v ■ ip , 

where v is a null vector in a pseudo-euclidean space of signature (10,2). We 
can construct a larger class of realisations in the following way. Let T and G 
obey the superconformal algebra with central charge c=15. We introduce now 
two free bosons dX ± and also two free fermions ^ with operator product 
expansion [dX + ,8X~} 2 = 1 and [ip + , = 1. The fields 

T = T + dX + dX- - \i\)+di)- - \tp-d%p + J = 8X~ 

G = G + ip + dX~ + ip~dX + ' F = V" (10) 

obey the operator product expansions (9). 

Let us define M to be the space of F-theory vacua, understood as conformal 
field theories admitting a realisation of the algebra (9). We will now show that 
it contains Mo as a submanifold, in the sense that every superstring vacuum 
can be understood as an F-theory vacuum. To this effect let T and G define 
a point in M ; that is, a superstring background. We introduce BC systems 
to cancel the ghosts for the new generators of the enhanced symmetry. In this 
case we will have new generators J and F, whence we will have to introduce a 
bosonic BC system (/3, 7) of weights (1, 0) and a fermionic BC system 
of weights (|,|). Of course, this latter system is nothing but a pair of free 
fermions. We now bosonise the former BC system in terms of dX ± as in (8). 
Let us define: 

T = T + 8X+8X- + \d 2 X- - \i) + dtp~ - \i)~d%p + J = 8X~ 

G = G + i) + 8X~ + ^"<9X+ + dtp~ F = ■?/>" , 

which is a deformation of (10) chosen so that T and G are the total energy mo- 
mentum tensor and total supercurrent, including that of the two BC systems. 
Analogous techniques to those in [14] allows us once more to show that the 
BRST cohomology of this generalised superstring theory at a fixed value of 
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p + agrees with the cohomology of the underlying superstring. The comments 
made above on the picture-changing again apply. 

In summary, we have shown that there is a space M of certain superconfor- 
mal field theories, which contains all known superstring theories and which 
incorporates the self-duality of the type IB string in the spirit of F-theory. 
In fact, M can be understood as the space of F-theory vacua, which does 
not just contain the type IB superstring vacua, but has indeed been seen to 
contain the vacua of all the superstring theories, including the heterotic ones. 
The physical spectrum of a theory corresponding to a point in M is given 
by the cohomology of the BRST operator for the algebra (9). It is an open 
problem to find a point in M whose spectrum exhibits eleven-dimensional 
Poincarcovariance; however we expect that such points exist since the type 
EA and heterotic E% x E 8 theories correspond to points in M and their strong 
coupling limit is conjectured to correspond to compactifications of M-theory 
in the decompactification limit. 



4 Conclusions and outlook 

We have taken seriously the "manifold" paradigm for superstring/M-theory 
and proposed as a candidate space, the manifold M of F-theory vacua. We have 
done so by the systematic use of the "universal string theory" philosophy (see 
[6] for some general statements). As a byproduct, an explanation emerges for 
the compactness of the extra two dimensions in F-theory, a basic assumption 
of [18]. 

Two other proposals for M have appeared in the recent literature. In the work 
of [1] "universal string theory" ideas are used to view superstrings as strings 
with higher world-sheet supersymmetry and then move about the space of 
such theories via marginal deformations. In particular M appears to be the 
space of N=(4,4) strings whose natural target is zero-dimensional. In the 
work of [12], JVC appears as the space of heterotic N = (2,1) superstrings. 
These string theories have backgrounds whose target spaces correspond to the 
worldsheet or worldvolume of strings and membranes. Applying the machinery 
of "universal string theory" one can understand these theories as iV=(4, 4) 
theories and make contact with the work of [1] . Neither of these proposals has 
so-far exhibit a point with an effective eleven- dimensional spacetime theory. 

Finally, we comment on the role of conformal field theory in nonperturbative 
string theory. With the advent of the second superstring revolution, the focus 
has moved away from the worldsheet and towards the spacetime approach to 
string theory. In particular taking into account the pivotal role played by other 
extended objects in our understanding of duality, one may wonder whether 
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conformal field theory can teach us anything about nonperturbative string the- 
ory. The present paper and some recent work [4,1,12,15] suggest that it can. 
In particular, the intriguing paper of D Polyakov [15] points out a curious 
connection between picture-changing and S-duality which resonates strongly 
with the results in this paper. Polyakov observes that the spacetime super- 
symmetry algebra (in type IB) depends on the picture. Roughly speaking, 
picture-changing maps a configuration with no 5-form charge to one with it. 
According to the self-duality hypothesis for the type EB string, these configu- 
rations are supposed to be SL(2, Z)-related. It is therefore tempting to spec- 
ulate that this information is somehow encoded in the conformal field theory 
BRST formalism of the superstring and in particular in the picture-changing 
phenomenon. This speculation gathers strength when we notice that in the F- 
theory context, the SL(2, Z) duality group is geometrised as the modular group 
acting on the extra torus via large diffeomorphisms; whereas in the present 
context, the picture-changing phenomenon (of the fields which bosonise into 
the coordinates of the torus) also has a spacetime interpretation. I hope to 
turn to a more systematic analysis of this problem in a future publication. 
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